We study the graceful exit problem and the role of the stress-energymomentum tensors in the two-dimensional string cosmology. The one-loop quantum correction of conformal fields is incorporated in the arbitrary large N limit to ensure exact quantum solvability. The only solution which gives the bounded curvature with the asymptotic flatness is restricted to the first branch under some conditions. However, even in this case, the accelerating expansion is forever. We show that the only nonvanishing quantum stressmomentum tensor is the pressure part(T xx ) which is of relevance to the dynamical evolution of the universe in the comoving coordinate. The quantum energy part is zero since the negative contribution of the induced conformal matters always cancels the positive quantity of the induced dilaton part in terms of the constraint equations.
Recently, there has been much interests in the graceful exit problem [1] of the string inflationary cosmology [2] with the scale factor duality [3] . The essential problem is due to the curvature singularity arising from the classical cosmological solutions of gravity theory.
In the four-dimensional low-energy string theory, the essential singularity problem has been solved in terms of the quantum back reaction of space time [4] . Further, the quantum tunneling with the finite probability between the classically distinct phases corresponding to the pre(accelerated) and post(decelerating) big bang can be possible in the low energy string background [5] .
The exactly soluble Callan-Gidding-Harvey-Strominger(CGHS) model [6, 7] , which has been successful to deal with the two-dimensional black holes, has been recently investigated by Rey [8] to show the branch-changing phase transition in the two-dimensional string cosmology. The two classically forbidden arenas are smoothly connected in terms of the quantum back reaction of the geometry with the finite curvature. This model was also extended to the generalized two-dimensional dilaton gravity model [9, 10] . However, this model has the negative anomaly coefficient which corresponds to the negative Hawking radiation and the number of conformal matter fields are restricted to less than 24. Thus it is natural to study the CGHS model in the manner to take the arbitrary large number of matter fields to take the good approximation within the one-loop vacuum polarization of the conformal matter fields [11] . Very recently, Bose and Kar [12] suggest the way how to overcome the limit of N by adding a local covariant counter-term. And then the exact scale factor is obtained with the negative energy density.
In this paper, we reconsider the graceful exit problem in the two-dimensional string cosmology with the slightly generalized counter-terms containing the local terms of Ref. [12] and mainly study the role of the stress-momentum tensors induced by the quantum corrections. The only solution which gives the bounded curvature with the asymptotic flatness is restricted to the first branch. However, even in this case, the decelerating phase does not appear although the solution has asymptotic flatness. We show that the only nonvanishing quantum stress-energy-momentum tensor is the pressure part(T xx ) which is of relevance to the dynamical evolution of the universe in the comoving coordinate. The total quantummechanical energy is zero since the negative contribution of the induced conformal matters always cancels the positive quantity of the induced dilaton part in terms of the constraint equations.
Let us now consider the two-dimensional low-energy string theory given by
where φ is a dilaton field, and the cosmological constant λ 2 sets to zero in that we are now considering dimensionally reduced low-energy string theory from the critical dimensions.
The action for the classical and quantum matter are written in the form of
where κ = N −24 12
. In Eq. (3), the first term is induced matter part and the second and third represents induced dilaton part. And q and γ simply denoted as (q, γ) are constants which will be chosen in later for exact solvability. For (2, 6) , the model was already treated by Bose and Kar in Ref. [12] and for (0, 1) it is just the RST model which corresponds to the Rey's model in the cosmology. For (1, 2) , it is a black hole model in Ref. [13] . For an arbitrary large N (N > 24), we assume that the anomaly coefficient κ is finite [12] . The nonlocal form of the action (3) is written as by introducing an auxiliary field ψ for later convenience,
The effective total action is
where the matter part is composed of two pieces of S M = S Cl +S Qt . The equations of motion and the constraint equations for this action (5) are
where
and the other equations of motion for φ, f i , and ψ are given by
In the conformal gauge, g ±∓ = −
1 2 e 2ρ , g ±± = 0, the total action and the constraints are
given by
and
where t ± reflects the nonlocality of the induced gravity of the conformal anomaly [14] and we set q = γ − 1 to make the equations exactly solvable. Without the classical matter, f i = 0, defining new fields as follows [14] [15] [16] ,
the gauge fixed action is obtained in the simple form of
and the equations of motion and the constraints are given by
In the homogeneous condition of fields, we obtain equations of motion in the simple forms ofχ
and they yield solutions,
where χ 0 , Ω 0 , A, and B are constants. The constraint (18) becomes, by using the solutions (20) and (21),
Choosing the quantum matter state as vacuum, t ± = 0, the first branch which corresponds to the case with Ω 0 = χ 0 ≡ −M(< 0) and A = B = 0 is obtained [8] .
At this juncture, let us study the boundedness of the scalar curvature which is given by
in terms of the explicit solutions (20) and (21). It is natural to confine the constant as γ > 2 to avoid the singularity of the curvature. If γ < 2, κ should be negative [10] . The solution (20) and (21) show the phase transition from the superinflation to the FRW phase which was already shown in Ref. [8] . Note that the accelerating expansion is only possible since without any assumption, the curvature is positive definiteä > 0 in the whole range of the conformal time (or comoving time) in our case. In fact, even for the negative κ which corresponds to Rey's model, there is no decelerating phase [10] .
On the other hand, we are concerned with the stress-energy-momentum tensors obtained
from (8),
By using the relation, ρ(t) = ln a(τ ) with dt = dτ /a(τ ), one can perform the coordinate transformation to the comoving time, and then Eqs. (24) and (25) are
Note that the energy T M τ τ and the momentum T M τ x vanish and T M xx has a negative definite. As a result, the induced energy-momentum tensors are zero at anytime while the stress part which corresponds to the pressure of the prefect fluid has a time-dependent negative value.
This fact seems to be unusual and we clarify in detail in the followings.
From now on, we choose comoving coordinates on the purpose of directly computing the stress-energy-momentum tensors instead of transforming from the results in the conformal gauge to the comoving coordinates. The energy-momentum tensors are not true tensor generically in the general coordinate transformation, for example, for the conformal transformation in the black hole geometry [14] . So we now calculate the expectation value of the stress-energy-momentum tensors from the beginning in the comoving coordinates given by
Then the classical dilaton gravity part G µν is written as
and the stress-energy-momentum tensors are, respectively,
where the overdots denote the differentiation with respect to the comoving time τ . The Eqs. (9), (10), and (11) are written in the form of
By eliminating the auxiliary fieldψ, the integration ambiguities t τ τ (τ ) and t xx (τ ) were obtained as a 2 κt τ τ = κt xx = − 
and we chooseφ =˙a a , corresponding to the first branch in Ref. [8, 12] . Then note that T M τ τ (τ ) is zero as far as we are concerned with the first branch, which is easily shown by Eq. (33).
On the other hand, the dynamical equation of motion from Eqs. (32) and (35) is
which yields 
where these are essentially same with those of Bose and Kar in Ref. [12] . Their solutions, however, yield the nonvanishing negative energy density. In fact, the energy-momentum (superinflation phase). In the limit of far future, τ → +∞, a(τ ) ∼ ατ and R ∼ 1 (τ ) 2 which corresponds to the FRW universe in the two-dimensional sense (Milne universe). In the above analysis, the universe keeps on accelerating expansion sinceȧ(τ ) > 0 andä(τ ) ≥ 0 with the bounded curvature. The expected decelerating phase [5] does not appear even in the Rey's model [8] . If we assume the induced quantum matter as a perfect fluid, then the stress-energymomentum tensors are
where u µ = (1, 0), p, and ρ are pressure and energy density respectively. Then the only nonvanishing tensor is the shear part and is written in the form of
The matter and dilaton contribution of pressure can be worked out separately, and then they have not definite sign (see Fig.1 ). The pressure p f from the induced matter and p φ from the induced dilaton part in Eq. (8) are explicitly given by
However, the total pressure is always negative definite and depends on time. Hence one can state even though there is no total energy density as a source, the pressure of the radiation fields (shear) by the quantum effect appears to make the curvature finite.
Two remarks are in order. First, we did not consider the anomalous transformation or
Schwartzian derivative between the two coordinates (conformal and comoving coordinates).
As easily seen from the results in the above two coordinates, there is no anomalous transformation of stress-energy-momentum tensors in our cosmological model. So the stress-energymomentum tensors in the conformal gauge was transformed to the comoving coordinate without any anomaly and result in the vanishing energy-momentum tensors. This result is compatible with the direct calculations in the comoving coordinate. So the integration ambiguity t ±± (t) = 0 was maintained in the form t τ τ (τ ) = t xx (τ ) = 0. In the black hole case, the anomalous transformation of stress-energy-momentum tensors was assumed to be canceled by the anomalous transformation of the integration ambiguity, t ±± (x + , x − ). Secondly, the covariant conservation of T M µν is spoiled by the local counter term. In fact, since we are in the string-frame, the classical dilaton gravity part is not purely geometrical on the contrary to the Einstein gravity in the four dimensions. So there does not exist the covariant conservation of the matter part although the whole tensor G µν − T M µν = 0 is covariant. To make this explicit, by using the Eqs. (24) and (25), one obtains ∇ µ T µ± M = 4κ(γ − 2q)e −4φ ∂ ∓ φ∂ ± ∂ ∓ φ.
Therefore, the stress-energy-momentum tensor of induced quantum matter is not covariantly conserved unless γ = 2q. On the other hand, we assumed q = γ − 1 for exact solvability.
So the covariant conservation of matter part and exact solubility of the closed form require (1, 2) called BPP model [13] , however, the curvature scalar is not bounded.
In summary, we showed that the superinflation of pre-big bang phase is smoothly connected to the FRW type universe of post-big bang phase in the large N limit in the CGHS model. As far as we are concerned with the vacuum theory, there is neither energy nor momentum while the pressure (shear) of the radiation field governs the universe in terms of the quantum back reaction in this model.
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